We construct the screening currents of the quantum superalgebra Uq( sl(N |1)) for an arbitrary level k = −N + 1. We show that these screening currents commute with the superalgebra modulo total difference. We propose bosonizations of the vertex operators by using the screening currents.
Introduction

Chevalley generator
We recall the definition of the quantum superalgebra U q ( sl(N |1)) (N = 2, 3, · · ·) in terms of the Chevalley generators [34] . The Cartan matrix of the affine superalgebra sl(N |1 We write [X, Y ] 1 as [X, Y ] for simplicity. The quantum affine superalgebra U q ( sl(N |1)) has the Z 2 -graded Hopf-algebra structure. We take the following coproduct ∆(e i ) = e i ⊗ 1 + q hi ⊗ e i , ∆( 
Drinfeld realization
We recall the Drinfeld's second realization of the quantum affine superalgebra U q ( sl(N |1)) [34, 35] . The
Drinfeld realization is convenient for constructions of bosonizations. We use the standard symbol of q-integer 
where we have used δ(z) = m∈Z z m . Here we have used the abbreviation h i = h i,0 . We have used the generating function
The relations between the Chevalley generators and the Drinfeld realization are given by
21)
In this section we recall the bosonization of U q ( sl(N |1)) for an arbitrary level k ∈ C [3].
Boson
We introduce the bosons and the zero-mode operators a
) and the zero-mode operators
and other commutators vanish. We impose the cocycle condition on the zero-mode operator Q i,j
We have the following (anti)commutation relations
In what follows we use the standard normal ordering symbol ::. We set
10)
We recall the bosonizations of the quantum superalgebra U q ( sl(N |1)).
Theorem 3.1 [3] A bosonization of the quantum affine superalgebra U q ( sl(N |1)) for an arbitrary level k ∈ C is given as follows. For 1 ≤ i ≤ N − 1 we set
14)
Here we have used the auxiliary bosonic operators X ±(j,s) i (z) as follows.
The Z 2 -grading is : |X ±(j,s) N (z)| = 1 and zero otherwise.
Very explicitly, we have
Fock-Wakimoto module
We introduce the vacuum state |0 of the boson Fock space by
It satisfies
We impose the restriction p
We set the vector |λ = |p a , 0, 0 upon the specialization p i,j
Proposition 3.2
The |λ = |p a , 0, 0 is the highest weight vector of the highest weight whose classical
Using the highest weight vector |λ , we have the highest weight module V (λ) of U q ( sl(N |1)).
The module F (p a ) is not irreducible. We recall the non-quantum algebra sl(2) case [27] . The irreducible highest weight module L(λ) for the affine algebra sl (2) was constructed from the Fock-Wakimoto module on the boson Fock space [5] by the Felder complex. We recall the quantum algebra U q ( sl (2)) case [7, 8, 24] .
The irreducible highest weight module L(λ) for U q ( sl (2)) was constructed from the similar space as F (p a )
by two steps; the first step is the construction of the Fock-Wakimoto module by the ξ-η system, and the second step is the resolution by the Felder complex [24] . The submodule of the quantum algebra U q ( sl (2)),
induced by the ξ-η system, plays the same role as the Fock-Wakimoto module of the non-quantum algebra sl(2). We call this submodule induced by the ξ-η system the "Fock-Wakimoto module". In this paper
we study the ξ-η system and propose the Fock-Wakimoto module for U q ( sl(N |1)).
Definition 3.3
We introduce the operators ξ i,j m and η
The Fourier components η
on the space F (p a ). They satisfy the anti-commutation relations.
They commute with each other
We focus our attention on the operators η
The products η 
Hence we have a direct sum decomposition.
and
We set
We introduce the subspace F (p a ) by
The operators η
We call the submodule F (p a ) the Fock-Wakimoto module. It is expected that we have the irreducible highest weight module L(λ) with the highest weight λ, whose classical partλ = We would like to report the Felder complex of U q ( sl(N )) and U q ( sl(N |1)) in the future publications.
Screening current
In this section we introduce the screening operators S i (i = 1, 2, · · · , N ), which commute with U q ( sl(N |1)) for an arbitrary level k = −N + 1. We need the screening operators to construct the vertex operators.
We set the q-difference operators with a parameter α by
The Jackson integral with parameter p ∈ C (|p| < 1) and s ∈ C * is defined by
The Jackson integral satisfies
For r ∈ C (Re(r) > 0) we introduce the Jacobi elliptic theta function
where we have used
The Jacobi elliptic theta function satisfies the quasi-periodicity property 6) where τ such that Im(τ ) > 0 is given by q 2r = e − 2πi τ .
Definition 4.1
We introduce the bosonic operators S i (z) (i = 1, 2, · · · , N ) that we call the screening current as follows.
Here, for 1 ≤ i ≤ N − 1 and i + 1 ≤ j ≤ N , we have set
The Z 2 -grading of the screening currents are : |S (N +1,0) N (z)| = 1 and zero otherwise.
Theorem 4.2
The screening currents S i (z) (i = 1, 2, · · · , N ) commute (or anti-commute) with
[X
The screening currents S i (z) (i = 1, 2, · · · , N ) satisfy
The symbol [u] k+N −1 represents the Jacobi elliptic theta function. Here we have used z j = q 2uj .
Definition 4.3
We introduce the screening operators Q i (i = 1, 2, · · · , N ) by the Jackson integral.
The screening operators Q i are convergent on the Fock space.
Corollary 4.4
The screening operators Q i (i = 1, 2, · · · , N ) commute with the quantum superalgebra 
Proof
Here we give proof of theorem 4.2. Direct calculations of the normal orderings show theorem 4.2.
• Proof of (4.16) for 1 [
. (4.19)
Hence we have the following relations for 1 ≤ i ≤ N − 1.
[ 
Using the relation (A.30) in appendix A, we have (4.16) for i = N . Now we have shown (4.16) for
• Proof of (4.16) for 1 ≤ i = j ≤ N . [
Hence, using the relations (A.9) and (A.10), we have the following relation for 1 ≤ i ≤ N − 1.
[ [ [ [X Hence, using the relations (A.23) and (A.24), we have
Using the specialization (A.42), we conclude [X + N (z 1 ), S j (z 2 )] = 0 for 1 ≤ j ≤ N − 1. Now we have shown the commutation relation (4.15).
• Proof of (4.14). This is a direct consequence of the relation,
for every i, j, and (l, s).
• Proof of (4.17). This is a direct consequence of the relation,
for every (i, j) and [(l, s), (m, t)].
Vertex operator
In this section we propose bosonizations of the vertex operators for the quantum superalgebra U q ( sl(N |1)) [30] . We check that the vertex operators are the intertwiners among the Fock-Wakimoto module and the typical representation for small rank N ≤ 4.
Level-zero representation
We discuss level-zero representation of U q ( sl(3|1)) in this section (resp. U q ( sl(4|1)) in appendix B), that we will use for the investigation of the vertex operator. Let V α be the one parameter family of the 2 N -dimensional typical representation of U q (sl(N |1)) [36, 37] . In the case of U q (sl(3|1)), we choose the basis {v j } 1≤j≤8 of V α and assign them the Z 2 -gradings as following.
In the homogeneous gradation, the evaluation representation V α,z of U q ( sl(3|1)) is given by 
We set the dual representation V * S α,z of U q ( sl(3|1)) by
where we have used the antipode S and have introduced the supertransposition "st" by
We have chosen the dual basis {v * j } 1≤j≤8 of V * S α and assign them the Z 2 -gradings as following.
In the homogeneous gradation, the evaluation representation V * S α,z of U q ( sl(3|1)) is given by
19)
We give the level-zero realization of the Drinfeld generators.
Proposition 5.1
On V α,z , the Drinfeld generators of U q ( sl(3|1)) are realized by
On V * S α,z , the Drinfeld generators of U q ( sl(3|1)) are realized by
In appendix B, we summarize the case of U q ( sl(4|1)). The case of U q ( sl(2|1)) is summarized in [11] .
Vertex operator
Let F and
representation with a parameters α [37] . The representations V α and V * S α are irreducible if and only if α = 0, −1, −2, · · · , −N + 1. Let V α,z and V * S α,z be the evaluation module and its dual of the typical representation. Consider the following intertwiners of U q ( sl(N |1))-module [30] .
They are intertwiners in the sense that for any x ∈ U q ( sl(N |1)),
We expand the intertwining operators.
We set the Z 2 -grading of the intertwiner be |Φ(z)| = |Φ * (z)| = 0. In what follow we focus our attention on rank N ≤ 4 case.
Proposition 5.2 For α = 0, −1, −2, the operator Φ(z) for U q ( sl(3|1)) is determined by the component
More explicitly, we have
For α = 0, −1, −2, −3, the operator Φ(z) for U q ( sl(4|1)) is determined by the component Φ 16 (z). More explicitly, we have
The case of U q ( sl(2|1)) is summarized in [11] . Next we determine the relations between the components Φ 2 N (z), Φ * 1 (z) and the Drinfeld generators. We use the coproduct
We have checked this proposition for rank N = 2, 3, 4.
In order to construct bosonizations of Φ 2 N (z) and Φ * Definition 5.5
and β ∈ C, we set the bosonic operator φ la (z|β) by
We call the operator φ la (z|β) the "elementary vertex operator".
Proposition 5.6
The highest vector |λ = |l a , 0, 0 of U q ( sl(N |1)) is created from the Fock vacuum |0 and φ la (z|β).
Here |λ is the highest weight vector of the highest weight whose classical partλ =
The elementary vertex operators φ la (z|β) give rise to the following map.
Using the inversion relation,
we have the following proposition.
Proposition 5.7
The elementary vertex operators φ la (z|β) satisfy the following relations. These bosonizations of the vertex operators are determined from the commutation relations with the superalgebra U q ( sl(N |1)). The construction is completely independent of which infinite dimensional modules the vertex operators intertwine. In what follow we shall clarify on which space these vertex operators act. We balance the "background charge" of the vertex operators by using the screening currents. For x = (x 1 , x 2 , · · · , x N ) ∈ N N , we set the screening operator
The screening operator Q (x) give rise to the map,
commute with the projection operator η 0 ξ 0 . Hence we have the map on the Fock-Wakimoto module.
Definition 5.9 For k = α = 0, −1, −2, · · · , −N , we set the bosonic operators
Here we have set
the "projected vertex operators" for U q ( sl(N |1)).
Proposition 5.10
For k = α = 0, −1, −2, · · · , −N + 1, the projected vertex operators Φ (x) (z) and Φ (y) * (z) are the intertwiners among the Fock-Wakimoto module and the typical representation.
Here we have setl
Correlation function
In this section we discuss an application of the projected vertex operators Φ (x) (z) and Φ * (y) (z). We study non-vanishing property of the correlation function which is defined to be the trace of the vertex operators over the Fock-Wakimoto module of U q ( sl(N |1)), that is
Here we propose the q-Virasoro operator L 0 for k = α = −N + 1 as follows.
The L 0 eigenvalue of |l a , 0, 0 is
Proposition 5.11
The correlation function of the vertex operators, 
We note that there doesn't exist non-rational solution k = α / ∈ Q of the relation (5.108). Next, we consider the correlation function involving also dual vertex operators.
Proposition 5.12
The correlation function of the vertex operators and the dual vertex operators,
We note that there exist non-rational solutions k = α / ∈ Q of the relation (5.110). Upon k = α / ∈ Q, the relation (5.110) is equivalent to
We conclude that the screening operators Q i are needed to ensure non-vanishing property of correlation functions. In other words, we have to balance the "background charge" of the vertex operators to construct non-zero correlation functions. We can write down integral representations of the correlation functions by using bosonizations of the vertex operators [22] . It is open and nontrivial problem to deform these integral representations to convenient formulae for physical applications.
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A Normal orderings
In this appendix we summarize formulae of normal orderings. In order to get the following delta-function formulae, the following normal orderings are useful. In order to get the following specialization relations, the following formula is useful. In this appendix we summarize the level-zero representation of U q ( sl(4|1)). Let V α be the one parameter family of the 16(= 2
In the homogeneous gradation, the evaluation representation V * S α,z of U q ( sl(4|1)) is given by 
